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helix pitch
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A chiral ferroelectric smectic C* liquid crystal (FLC) with the helix pitch p0 ¼ 330 nm was developed to avoid any
scattering of visible light when the helix is not unwound over a certain limit. Planar cells with different FLC layer
thickness (16 and 44 mm) have been assembled with helix axis parallel to the glass plates and aligned along the
rubbing direction. The ellipticity of the light passing through the cells vs. the electric field was investigated, and a
method for evaluating the electrically controlled birefringence via ellipticity measurements has been established.
We have found that the FLC cell is an optical retardation layer driven by the electric field, the effective
birefringence being proportional to the square electric field. The physical origin of the electrically controlled
phase shift of the light passing through the FLC layer has been analysed.

Keywords: chiral dopant; ferroelectric liquid crystal; helix pitch; ellipticity; phase shift

1. Introduction

It is well known that the most efficient method to

obtain a ferroelectric liquid crystal (FLC) multicom-
ponent mixture suitable for electro-optical application

is to add a chiral dopant to an achiral smectic C matrix

[1, 2]. The dopant belongs to derivatives of p-terphe-

nyl-dicarboxylic acid, which even though non-meso-

genic, can increase the temperature range of the C-

phase of the mixtures formed with the achiral smectic

C matrix [3–5]. We synthesised a new dopant of this

series, possessing the highest helical twisting power:
the helix pitch in smectic C* mixtures is very short, i.e.

po ¼ 200–350 nm, dependent on the concentration of

the dopant [6].

It has already been demonstrated that a short helix

pitch FLC (po ¼ 0.4–0.8 mm) provides an effective

phase shift change of a transmitted polarised light

beam as a function of the applied electric field intensity

[7], but the process has a light scattering by-product
because the helix pitch is in the visible range [8]. The

new mixtures allow us to overcome this drawback, the

helix pitch being in the ultraviolet region. In fact, we

obtained a pure electrically controlled phase shift plate

based on the electro-optical mode, called deformed

helix ferroelectric (DHF) [7]. DHF is a convenient

operation mode, able to ensure both low voltage and

fast-switching liquid crystalline light shutters, since
the response time is less than 200 ms when driving an

electric field of around 1 V mm-1 [6, 7, 9]. For these

reasons we decided to investigate the behaviour of the

electrically controlled birefringence in DHF cells when

the light scattering and selective light refraction in the

visible spectral range are totally suppressed.

When assembling the DHF cell, we treated cell

glass plates in order to obtain a planar alignment of

the helix axis. This means that in the absence of an
external electric field the director alignment in the cell

bulk in the C* phase exhibits the expected helix struc-

ture, whereas close to the surface a periodic distortion

is present, imposing a planar unidirectional orienta-

tion; such a deformation becomes less important with

greater cell thickness. To this purpose, cells with thick-

nesses of 16 mm and 44 mm were prepared.

The ellipticity measurement of the light passing
through DHF cells is a very precise method of evaluat-

ing the cell’s optical quality; nevertheless, it has never

been done previously, due to the presence of scattering

and selective refraction of visible light. We aimed to

establish a new method to characterise the optical qual-

ity of light scattering and selective refraction-free DHF

cells, and to precisely evaluate the electrically controlled

birefringence via the ellipticity measurements.
We studied the birefringence modulation of a FLC

layer driven by an applied voltage presenting in time the

shape of a (�) step at the frequency of 1 kHz because this

frequency is very convenient for measuring. The pre-

sence of an external electric field causes anharmonic

distortion [10] of the helix structure in the bulk, deter-

mining a deviation of the principle optical axes [11], and

deeply affecting the polarisation state of the light nor-
mally transmitted by the cell. In particular, we measured

the intensity of the polarised light transmitted vs. the
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amplitude of the applied electric field for different values

of the angle a formed by the main optical axis of the cell

with the polariser, at various orientations of the analyser

(from -180� to þ180� with respect to the polariser).

The main goal of the present work is to investigate

the electrically controlled phase shift �F vs. the

applied voltage V, according to the following steps:

1. detecting the rotation of the anharmonic helix axis

vs. the applied voltage intensity;

2. checking whether the cell biaxiality is negligible;

3. measuring the beam ellipticity vs. the applied vol-

tage at different values of a, in order to:
a. characterise the optical quality of the cell;

b. recognise the dependency of the phase shift

and of the effective electrically controlled bire-

fringence �neff on the applied electric field

intensity E;

c. evaluate the effective birefringence at E¼ 0.

2. Materials and methods

2.1 Preparation of FLC sample and cells

Qualitative planar alignment, which can provide a con-

trast ratio approximately equal to 300:1 using white

light, was achieved with the use of 4,4’-oxydianiline

dianhydride (PMDA-ODA) as an aligning layer. The
chemical formula of this polyimide after imidisation is

reported in Scheme 1.

The application of the aligning film on the ITO

surface was done by spin-coating of the PMDA-ODA

solution in dimethyl-formamide. The concentration of

PMDA-ODA in solution was 0.2–1.5% (weight). The

polyimide film was dried on the ITO substrate for

30–40 min at 180�, and imidisation was done at the
temperature 275–290� for one hour. The cells were

prepared with glassy substrates covered by ITO and

aligning films with thickness 20 nm, and the gap was

fixed by spacers to 16 mm and 44 mm.

FLC-579, developed at the P.N. Lebedev Physical

Institute of Russian Academy of Sciences, was used in

the experiments. The helix pitch of this liquid crystal is

po ¼ 330 nm at 23�C, and the refraction indices are n||

¼ 1.70, n\ ¼ 1.50; the phase transition sequence is:

Cr! 4�C! C� ! 62�C! A� ! 109�C! Is:

The FLC was inserted into the cell by capillary method

in the isotropic phase.

The task is to reach a regular helix alignment in the

cell, with the helix axis parallel to the glass plates; the

orientation has to be uniform inside each plane paral-
lel to them, and the director gradient has to be practi-

cally independent of the distance from the glass plates

in the bulk, exhibiting a non-helical flat orientation

only close to the surfaces. To this end, it is necessary to

apply an alternate electrical training to the FLC layer

with a step function of maximum field amplitude in

the range 5–9 V mm-1 and frequency in the range

0.5 Hz–2 kHz [12]. Acquisition of the correct cell
texture has to be confirmed by polarising microscopy.

As an example, the results obtained by optical obser-

vations are presented in Figure 1 (crossed polarisers).

The cell with 44 mm gap considered here had a rather

imperfect texture just after filling by FLC-579 (Figure

1(a)), but with a proper electrical training field with a

step amplitude of 250 V and frequency from

0.5 Hz–2 kHz, providing a corresponding alternate
twisting stress, a better regularity has been reached

(Figure 1(b)). By increasing the maximum voltage to

450 V it was possible to obtain a very well-oriented

FLC layer (Figure 1(c)).

2.2 Detection of light transmission intensity

Detection of light transmission intensity is the most

suitable method for ascertaining information on cell

birefringence (either uniaxial or biaxial) and for obtain-

ing the light beam ellipticity and the contrast vs. the cell

orientation at different values of the applied voltage.

We used a linearly polarised light beam (generated

either by a He–Ne laser or by a Ga–Ar semiconductor

diode laser) normally impinging into the cell. Let us
define ao the angle of the undisturbed helix axis xo with

respect to the polarisation plane, as defined by the

polariser P. It can be pre-selected, as can the angle j
of the analyser A with respect to the polariser. A photo-

diode detects the light transmitted by the system.

It is known [13] that if biaxiality is negligible then

Malus’ law is valid: we will see that this turns out to be

the case in our investigation. Thus, if the cell behaves
as an uniaxial optical plate, then ellipticity can be

defined as

e;
ffiffiffiffiffiffiffiffiffiffiffi
Imin

IMAX

r
; (1)

where Imin and IMAX are the minimum and maximum

intensity of the light beam in a definite situation: for

O
C

CC
N N

C

n
O O

O O

Scheme 1. The chemical formula of 4,4’-oxydianiline
dianhydride (PMDA-ODA) after imidisation.
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instance, when a constant external voltage is applied to

the DHF layer forming a fixed angle a with respect to

the polariser P, and the light transmission is considered.

From the definition it follows that when a step function

is applied the transmitted light beam exhibits two ellip-

ticities e(þ), e(-) during the positive and negative peak,
respectively. Moreover, if a step function is applied, the

absolute contrast can be defined as the ratio:

ca ; IMAX=Imin ¼ e�2; (2)

during the application of the same voltage peak, and

the relative contrast as the ratio between the maximum
light intensity during the application of a pulse of one

sign, with respect to the actual light intensity for the

pulse of opposite sign:

cr ; MAX½IðþÞ; Ið�Þ�=min½IðþÞ; Ið�Þ�: (3)

In Equation (3) the numerator is the larger intensity

between I(þ) and I(-), whereas the denominator is the

smaller one in the same cell condition. Obviously, for

every given configuration a, there are two absolute
contrasts, ca(þ), ca(-), as well as the ellipticities,

whereas there is only one relative contrast. For

instance, in the ideal case when both ellipticities are

zero, the absolute contrasts are infinite. If I(þ) ¼ I(-),

then the relative contrast cr ¼ 1.

If no voltage is applied to the cell, the helix is

harmonic (at least in the bulk), and for ao ¼ 0� the

light transmitted is linearly polarised in the plane
[X, Z], along xo jj X, if the cell is uniaxial, and the

maximum transmission occurs for j ¼ 0� (the same

happens for ao¼ 90�: in this case, the light transmitted

is linearly polarised along yo), see Figure 2. Moreover,

the cell being uniaxial, when no external field is

applied and 0�, ao , 90�, both light field components

xo, yo are transmitted, and the cell behaves as a (kl)-

plate, where k is a priori a real number. In particular, if
k ¼ n, where n is a positive integer, then the polarising

plane of the light transmitted by the cell is the same of

the impinging light beam.
If k¼ (2n - 1)/4, the transmitted light beam is ellip-

tically polarised, counter clockwise when n is odd, or

clockwise when n is even, respectively: hence, in the

special case when ao ¼45�, it is circularly polarised. If

k ¼ 1/2, the transmitted light is linearly polarised, with

the polarisation plane rotated by an angle c ¼ (180�-
2ao) with respect to the incident one (for ao ¼45�, we

have c ¼ 90�) [14]. When a voltage step function
[(þ)(-)] at certain frequency is applied to the cell, the

electric field linearly couples with the FLC polarisation

vector, inducing a distortion in the helix alignment,

which becomes anharmonic [10]. As a result, the helix

molecular director undergoes a periodic deformation,

(a) (b) (c)

Figure 1. Texture shown by light transmission microscopy images between crossed polarisers through a 44 mm thick FLC-579
layer: (a) without any voltage training after the cell filling; (b) with � 250 V applied step voltage (frequency from 0.5 Hz to
1.1 kHz); (c) with� 450 V applied step voltage (same frequency) during 10 min of treatment. The image area is 200 mm� 200 mm
(colour version online).

αo

xo

yo

X

P

Y

Z

A
ϕ

Figure 2. Scheme of FLC cell with glass plates parallel to the
vertical plane [X, Y] fixed in the laboratory. The cell is placed
between polariser P and analyser A; A is at an angle j with
respect to P. In the absence of any applied electric field, the
helix is regularly harmonic in the bulk. Its axis xo forms an
angle ao with the same direction. The light beam propagates
along the Z-direction. The maximum intensity of the
transmitted light beam occurs when the cell is rotated to
either ao ¼ 0�, or ao ¼ 90�, and j¼ 0�.
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which is locally stronger the closer to 180� the initial

orientation angle of the permanent polarisation with

respect to the applied electric field becomes. The distor-

tion turns out to be dependent on the sign of the applied
electric field. Consequently, the anharmonic helix axis

appears to rotate one way during the application of a

positive voltage constant peak (Figure 3), and in the

opposite way when a negative constant peak is applied:

moreover, the rotation angle �a depends on the field

intensity [11].

The distance between smectic planes where no

deformation occurs remain unchanged, corresponding

to the initial helix pitch po, but the actual pitch of the

anharmonic helix becomes p ¼ po= sin �a, increasing

with the applied field E. In the ideal case, if E!1,

then �a!� and the helix disappears, becoming com-

pletely unwound: the smectic C* has the same align-

ment as the so-called Surface Stabilised FLC structure

(SSFLC) [15]. This means that when an external step
function is applied to the cell, its birefringence turns

out to be modulated by the external field itself, if the

frequency is less than 100–150 kHz [16]: the cell then

behaves as an electrically controlled uniaxial birefrin-

gent plate. The same situation already discussed in the

absence of voltage is valid, provided ao is replaced in

the presence of the voltage by (aþ¼ ao þ �aþ) and by

(a- ¼ ao þ�a-), when positive and negative voltage
peaks are applied.

We will evaluate aþ, a- vs. the applied voltage V,

taking into account that in this condition, with the

actual helix axis parallel (or perpendicular) to the

polariser P, the light transmission intensity presents a

maximum when j¼ 0� and a minimum when j¼ 90�.
The results are expected to be the same when no field is

applied for ao¼ 0 (undistorted helix axis parallel to P)
and for ao ¼ 90� (undistorted helix axis perpendicular

to P). The optical behaviour of the DHF cell allows us

to calculate the contrast and the ellipticity of the

polarised light beam transmitted through the cell for

particular values of the actual helix axis alignment a;

of particular interest are the values a1þ ¼ aþ, a2þ ¼
aþ�45�,and a3þ ¼ aþ� 90� when the positive voltage

peak is considered (in the case of negative peaks the
symmetric values a1- ¼ a-, a2- ¼ a-�45�, a3- ¼ a-� 90�

have to be taken into account).

In fact, discussing only the positive peak for simpli-

city, the cell always behaves as a (kl)-plate, where k is a

priori a real number, as well as when no field is applied.

1. k ¼ n. If k ¼ n (with n an integer), then the polaris-
ing plane of the light transmitted by the cell is the

same as the impinging light beam. Hence, indepen-

dently of a ¼ a1þ, a2þ, a3þ we have in the ideal

situation IMAX(j¼ 0�)¼ Io, Imin (j¼ 90�)¼ 0; with

ellipticity e;
ffiffiffiffiffiffiffiffiffiffiffi
Imin

IMAX

r
¼ 0, I (j¼ 45�)¼ I (j¼135�)

¼ Io/2, with always e¼ 0, since e of the transmitted

light depends only on a.

2. k¼ (2n -1)/4. If k ¼ (2n - 1)/4, the cell behaves as a

l/4 or 3l/4 plate; then the transmitted light beam is,

in principle, elliptically polarised, counterclock-

wise or clockwise, respectively: in particular,
when a ¼ a1þ, the optical ellipse degenerates to a

linear polarisation along the actual helix axis x, and

the resulting pattern is the same as before. When

a ¼ a2þ, the transmitted light is circularly

Figure 3. The origin of the DHF effect is presented. The
[xo,yo]-plane parallel to the cell plates is shown. The black
arrows represent the smectic C* director �n, the dotted lines the
in-plane director �c, and the grey arrows the local spontaneous
polarisation P

!
of smectic layer. In the absence of an external

field (on the left side, yo. 0) the helical order is harmonic,
with pitch po and helix axis xo. On the right side (yo , 0) the
applied electric field E

!
obliges P

!
to turn as much as the

distance from the starting alignment. It is evident that a
periodic anharmonicity is induced and that the helix axis is
tilted towards the x-axis (which still belongs to [xo,yo]-plane).
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polarised, then: I(j¼ 0�) ¼ Io/2, I (j¼ 90�) ¼ Io/2,

with ellipticity e ¼ 1, as for j ¼45�, j ¼135� as

well. When a ¼a3þ, the situation is symmetrical

with respect to the first one, with the optical ellipse

degenerated along the normal y to the actual helix

axis.

3. k¼ n - 1/2.If k¼ n - 1/2, the cell behaves as a l/2 or
3l/2 plate; then the transmitted light is linearly

polarised, with the polarisation plane rotated by

an angle c ¼ (180�-2 a) with respect to the incident

one. Hence, when a ¼ a1þ, we have c ¼ 180� along

the actual helix axis x, and the resulting pattern is

the same as in case 1. When a ¼ a2þ, then c ¼ 90�:
the emerging light beam is linearly polarised along
the normal y to the actual helix axis. This means that

IMAX(j¼ 90�) ¼ Io, Imin (j¼ 0�) ¼ 0; with reverse

ellipticity e ;
ffiffiffiffiffiffiffiffi
Imin

IMAX

q
¼ 0, I (j ¼45�) ¼ I (j ¼135�)

¼ Io /2, and ellipticity remains the same, e¼ 0. When

a ¼a3þ, we have c ¼ 0�, which is again indistin-

guishable from the situation c ¼ 180�.

In Figure 4, the polarisation of the transmitted

light beam for certain angles of the cell with respect

to the polariser is shown schematically.

When discussing cell behaviour as an optical layer,

it should be noted that this is the same as referring to a

kl-plate or to a 2kp-plate, but quoting the phase

retardation instead of the path difference between
extraordinary and ordinary beam.

2.3 Ellipticity and contrast at peculiar orientations of
helix axis

In Table 1 the ideal pattern of ellipticity e for different

behaviours of the cell as an optical plate is mapped.

We note that, since the transmitted light electric field
square amplitude is E2

L ¼ E2
Lx þ E2

Ly, when the trans-

mitted light beam is circularly polarised the impinging

intensity Io ¼ 2I, where I is the intensity of the trans-

mitted light beam, which always affects the analyser

regardless of direction. From Table 1 it is evident that

to understand whether the cell driven by a certain

λ

α

α

α

α

α

α

α
α

αψ

ψ

ψ

λ λ λ λ

1b)

1c) 2c) 3c)

2b) 3b)

Figure 4. Drawing of scheme of the electric field of the transmitted polarised light beam for particular angles of the actual helix
axis x with respect to the polariser P in the ideal case. The light beam propagates along the z-axis (towards the reader).
Interesting information is found when the analyser A is parallel or perpendicular to P (j¼ 0�, 90�, respectively), or forms with P
an angle j ¼ - 45�, 45�.

Liquid Crystals 1071

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
3
:
5
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



electric field acts as a l/4-, or l/2-, or l-layer, it is

necessary to examine the light transmitted at the cell

orientation a ; a2¼ 45�, since in this case it is possible
to discriminate between linear polarisation along the

x-axis, y-axis, 45�-axis, and circular polarisation.

Moreover, this orientation provides the best condition

for obtaining interference between ordinary and extra-

ordinary beams, allowing us to maximise the informa-

tion concerning birefringence of the spatially non-

uniform optical plate. Eventually, only a ; a2 ¼ 45�

allows us to specify the cell birefringence type. In
contrast, either a ; a1 ¼ 0� or a ; a3 ¼ 90� are

essential for measuring the uniformity of the sample

alignment, i.e. the optical quality of the cell.

3. Experiment and results

3.1 Set-up

The set-up scheme of the polarised light transmission
experiment is shown in Figure 5. The optics system lies

on an optical table, which is mechanically isolated from

the electronic system support in order to avoid vibrations.

The polarising plane of the polariser P is fixed

during the experiment, whereas the orientation angle

a with respect to P of the actual helix axis of the DHF

cell can be pre-selected, along with the angle j of the

analyser A with respect to P. Oscilloscope 1 allows us

to record both the voltage step function applied to the

cell and the transmitted light intensity (in arbitrary

units). The data are recorded by a computer.

3.2 Anharmonic helix axis

Typical data are presented in Figure 6, which shows

that on applying a (40 Vpp, 1- kHz)-step voltage, the

maximum intensity of the transmitted light beam

when the positive pulse is applied no longer occurs

for a ¼ 0�, or 90�, but for aþ¼ -17�, or 73� (in parti-
cular, the latter is seen).

It is evident from Figure 6 that the conditions of

maximum intensity transmission occur at a different

rotation angle a- when the applied pulse is negative:

a- - ao- is expected to be symmetric with respect to aþ-

ao. The measurements performed on the 16 mm DHF

Table 1. Scheme of transmitted light intensity and of ellipticity for particular helix axis orientations in the ideal case (the grey
part of the Table illustrates the 45� inclination of the helix axis x with respect to P).

a j

l/4 l/2 l

I vs Io e I vs Io e I vs Io e

a1 ¼ 0 a3. ¼ 90� j ¼ 0� IMAX ¼ Io 0 IMAX ¼ Io 0 IMAX ¼ Io 0

j ¼ 90� Imin ¼ 0 Imin ¼ 0 Imin ¼ 0

j ¼ 45� I ¼ Io/2 0 I ¼ Io/2 0 I ¼ Io/2 0

j ¼ 135� I ¼ Io/2 I¼ Io/2 I ¼ Io/2

a2 ¼ 45� j ¼ 0� I ¼ Io/2 1 Imin ¼ 0 0 IMAX ¼ Io 0

j ¼ 90� I ¼ Io/2 IMAX ¼ Io Imin ¼ 0

j ¼ 45� I ¼ Io/2 1 I ¼ Io/2 0 I ¼ Io/2 0

j ¼ 135� I ¼ Io/2 I ¼ Io/2 I ¼ Io/2

Photodiode

Ch2

Ch1

Ch2

Ch1
Amplifier

Function
generatorOscilloscope 1

Analyser A Polariser P
Oscilloscope 2

Cell holder Light source

Figure 5. Drawing of the experimental set-up for polarised
light transmission measurements. The light source used was
either a He–Ne laser (l¼ 0.63 mm) or a Ga–Ar
semiconductor diode laser (l¼ 0.65 mm).

1,5 Step voltage
I(t) at ϕ = 0°
I(t) at ϕ = 90°

1 kHz step function: V = 40 Vpp

20

–20

–40

–60

–80

0

1,0

0,5

0,0
–1,5 –1,0 –0,5 0,0 0,5

t (ms)

I (
A

.U
.)

V
 (

V
pp

)

1,0

α   = 73°

IMAX(+)

Iminmin(+)(+)

Figure 6. Typical behaviour in time of the polarised light
beam intensity transmitted through a 16 mm DHF cell (in
arbitrary units) vs. an applied (40 Vpp, 1 kHz)-step function.
This cell orientation (a þ ¼ 73�) corresponds to a maximum
transmission when the positive voltage is applied, the actual
helix axis is normal to the polariser P and j¼ 0� (analyser A
parallel to P). The anharmonic helix axis is rotated by the
angle a þ- a o¼ -17� with respect to the undisturbed one.
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cell confirm this behaviour. Moreover, the experimen-

tal data satisfy a linear trend of �a vs. E with a 99%

level of confidence, at least in the range 0–40 Vpp, cor-

responding to the field range 0–1.3 V mm-1 (Figure 7).

It is possible to show that, if the director polar angle

�, 45�, the applied electric field E < Ec, where Ec is the

critical field for helix unwinding at zero frequency, and

the operating frequency is definitely smaller than a
characteristic frequency of FLC material, then the rota-

tion angle �a of the anharmonic helix axis can be

considered as proportional to E when �a , � (see

Appendix, Equations (19A) and (21A)). The angular

coefficient of the linear regression �a vs. E is given by

b ¼
p2

64Ec
sin 2�

1� 3
2

sin2 �
: (4)

This allows us to obtain an estimate of the critical field

Ec for the helix unwinding at zero frequency; the lack

of precision is due to the fact that in the frame of

validity of Equation (19A) it is necessary to consider

only data which satisfy the condition E < Ec, and the

material characteristic frequency is considered to be

infinite, whereas in the frame of the present measure-

ments it has been estimated at about 5.5 kHz. From

Equation (4), the angular coefficient b computed from
data of the linear regression �a vs. E relevant to both

DHF cells presented in Figure 7 provides

Ec ¼
p2 sin 2�

64 1� 3
2

sin2 �
� �

b
: (5)

From the data of Figure 7 comprising only E , 1 V

mm-1, we obtained in the case of the 16 mm cell: b ¼
0.2048 mm V-1; in the case of the 44 mm cell: b¼ 0.1689
mm V-1.

Since the FLC material is characterised by �¼ 31�,
the evaluation in the first case turns out to be Ec

(16 mm) � 1.1 V mm-1, whereas in the second case Ec

(44 mm) � 1.3 V mm-1. We have to underline that this

only gives the evaluation of Ec at zero frequency, and

only an order of magnitude of Ec at 1 kHz. In fact it is

expected to be greater than 1 V mm-1, since EMAX of
plots in Figure 7 corresponds to �aMAX ¼ 20�,
whereas it has to be �a(Ec) ¼ � ¼ 31�. The expected

value of Ec (1 kHz) is about 3 V mm-1 [17].

As reported in the Appendix, the angular coeffi-

cient b can be expressed in terms of the material para-

meter G ; eowG

PS
, where eo is the vacuum permittivity, PS

¼ 1.2�10-3C m-1 is the spontaneous polarisation, and

wG is the susceptibility of Goldstone mode, which can
be related to the FLC elastic constant K: hence such

parameters can be indirectly measured from the

experimental data shown in Figure 7. The result of

the parameter evaluation is presented in Table 2.

Note that G can be considered as a reduced

susceptibility.

3.3 Data consistency with Malus’ law

In Figure 8 the light transmission data are reported for

the same conditions as in Figure 6: a 40 Vpp step func-

tion is applied to the cell, causing anharmonicity in the

helical sample alignment and determining a rotation of

20
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(b)
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0
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–15

–20

–25
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E (V μm–1)

Δα
 =

 α
–α

o 
(°

)
Δ α

– 
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)

1.5 2.0

B = (peak+, αo = 0°)

peak–, αo = 0

C = (peak–, αo = 0°)

D = (peak+, αo = 0°)

E = (peak–, αo = 0°)

Linear fits

0.0 0.5 10 1.5 2.0

Figure 7. Rotation angle (a - ao) of the actual helix axis vs.
the external voltage applied to a DHF cell measured looking
for the maximum light transmission with analyser A parallel
to polariser P (i.e. with j ¼ 0): a) 16 mm cell. Note that the
data relevant to the actual helix axis parallel to P and normal
to it are the same, as expected; b) 44 mm cell. In both cases the
data describe for small amplitude field a linear behaviour �a
vs. E. By computing the linear regression only, field values
smaller than 1 V mm-1 were taken into account.

Table 2. Indirect measurement of material parameters
from experimental data relevant to anharmonic helix axis
rotation. Note that also wG is reported in SI.

DHF-cell thickness (mm) G (mm/V) Ec (V/mm) wG K (10-11N)

16 0.2793 1.1 31 2.2

44 0.2304 1.3 38 2.7
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-17� (þ16�) of the helix axis when positive (negative)

voltage is applied (the difference between the two abso-

lute experimental values is due to the measurement
uncertainty). An arbitrary angle a ¼ 103� between the

undisturbed helix axis and polariser P was considered

for this analysis, which follows the same procedure, and

has the same result, independent of the particular value

of angle a. The light transmission is detected vs. the

angle j between analyser A and polariser P with inter-

val step �j ¼ 5� in the range (-180�, þ180�). Both

experimental curves given by the application of positive
and negative voltage peaks are given here: the first is

shifted left by ,(-35�) with respect to the undisturbed

helix transmission curve, and the second is shifted right

by the same value ,35�.
The experimental data have been normalised and

fitted with cos2j curve, in order to find whether

Malus’ law is satisfied. In Figure 9 the analysis result

is reported only for the positive voltage peak. There is
good agreement between the data and the model, the

average error being kept within 2% (and the maximum

error within 5%). The same behaviour was obtained

for the similar negative peak voltage curve.

3.4 Ellipticity measurements

Since the DHF cell light transmission behaves accord-
ing to Malus’ law, we can consider it as a uniaxial

birefringent plate and use it for experimental evaluation

of the ellipticity of Equation (1). We measured the

ellipticity at particular orientations of the helix axis vs.

the applied step voltage in the range 0–60 Vpp at 1 kHz,

and found that the cell is an electrically controlled

birefringence layer. For example, the results from the
16 mm cell are reported in Table 3, when the external

voltage is V ¼ 20 Vpp, applied as a step function, and

the distorted helix axis forms an angle of 45� with

respect to P in both cases, V(-) ¼ -10 Vp(voltage peak

-), and V(þ)¼ 10 Vp(voltage peakþ). The transmission

with parallel and crossed (A, P) is about Io/2, half of the

maximum light intensity; the ellipticities turn out to be

about 0.88, the contrasts about 1.4: at this driving
voltage the cell behaves as a (l/2) optical layer (Table 1).

In any case, we may note the difference between the

ideal and actual cases: in the experiment with the 16 mm

cell we never obtained ellipticity e ¼ 0, or e ¼ 1. Our

minimal data are about e¼ 0.17 (when a¼ 0�, 90�, and

our maximal data about e¼ 0.88 (when a¼ - 45�, 45�).
As noted in Table 1 for the ideal case, the ellipticity

at a-ao¼0 gives no information regarding the birefrin-
gence, but indicates the FLC layer alignment quality in

the same sense as the contrast ratio does, see Equation

(2). The best DHF cell alignment quality (Figure 1(c))

was achieved with the 44 mm thick FLC-579 layer. This

alignment quality depends on the applied voltage, as

illustrated by the ellipticity and the contrast ratio, mea-

sured at a-ao ¼ 0 (Figure 10).

Such a perfect DHF cell alignment, providing the
contrast ratio ca ¼ 200:1–300:1 with ellipticity

0.073–0.060, according to (2), has not been obtained

for DHF cells by other authors [18, 19], who used FLC

layer thickness less than 10 mm, nor by us with the

2.5

2.0

1.5

1.0

0.5

0.0

–200

I (
A

.U
.)

–150 –100 –50 0
φ  (°)

50 100 150

Peak+
Peak–

200

Figure 8. Polarised light intensity I (in arbitrary units)
transmitted through the 16 mm thick DHF cell vs. the angle
j of the analyser A with respect to the polariser P. The light
beam had wavelength l ¼ 0.65 mm. The cell was driven by a
40 Vpp-step voltage with 1 kHz frequency. Note that 40 Vpp

corresponds to a field E ¼ 1.33 V mm-1. The actual
anharmonic helix axis during the application of the
positive (negative) peak voltage is rotated with respect to
the harmonic helix axis by the angle aþ ¼ -17� (a - ¼ 16�).

1.0

cos2ϕ – 0.0
Reduced experimental data:

Error

Light transmission T = (I – 0.045)/2.4
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Figure 9. Malus’ law is well verified by polarised light
transmission, according to experimental data reported in
Figure 8. Only the anharmonic helix due to the positive
peak voltage is considered here, since the result of the
statistical analysis for the symmetric condition is the same.
Transmission data are normalised to maximum¼ 100%, and
angle j between A and P is given in rad.
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16 mm cell, where ellipticity at a� a0 ¼ 0 is 0.17. The

improved alignment only occurs with a very thick

FLC layer. The probable reason is that in a FLC

layer with higher thickness the helix distortion near

solid aligning surfaces has lesser importance with

respect to the bulk regular orientation.
The dependence on the applied voltage of the ellip-

ticity eþð45o; VÞ, due to positive voltage peak for a

44 mm thick DHF cell filled with FLC-579, measured

at a ; a2 ¼ 45� is reported in Figure 11; it is similar to

the experimental behaviour of the function e�ð45o; VÞ.
Such a dependence allows us to evaluate the electri-

cally controlled birefringence �neff ðEÞduring the same

voltage peak.
The background for this evaluation is the relation-

ship between the total birefringence �nTOT
eff in the pre-

sence of applied electric field and the relevant total

phase shift �FTOT between extraordinary and ordin-

ary light beams transmitted by the DHF cell:

�FTOT ¼ 2p
l

�nTOT
eff dFLC

¼ 2p
l

neð�;jcðE; xÞh i � no½ �dFLC; (6)

where ne is the extraordinary index of refraction,

�;jcðxÞ are the smectic director polar angle and azi-

muth, respectively, no is the ordinary index of refrac-

tion, and h i represents the average over one pitch. By

putting

�neffðE ¼ 0Þ; neð�;jcðE ¼ 0; xÞh i � no

�neffðEÞ; neð�;jcðE; xÞh i � neð�;jcðE ¼ 0; xÞh i

�
;

(7)

the phase shift can be written as

�FTOT ¼ �Fo þ�FðEÞ

¼ 2p
l

�neffðE ¼ 0Þ þ�neffðEÞ
� �

dFLC; (8)

where dFLC is the FLC layer thickness, l is the wave-
length, �neffðE ¼ 0Þ is the effective birefringence of

Table 3. Example of light transmission data of DHF 16 mm cell at V¼ 20 Vpp, 1 kHz for positive and negative values of the step
function: intensity, ellipticity, absolute contrast, when the deformed helix axis forms an angle of 45� with respect to the polariser
P (columns 2–6). Column 3 shows the analyser orientation (j¼0�, or 90�). In the last part of the Table the same parameters for
the other peak of the step function and the relative contrast are reported. Since the maximum intensity crossing the cell is in
arbitrary units Io ¼ 5.5, for this voltage the cell behaves almost as a (l/4)-optical retarder.

V/20Vpp a(�) - 45� j I(�) /A.U. e(�) ca(�) I /A.U. e ca cr

1 a(-) ¼ 7� 0� 2.40625 0.86 1.4 3.34375 0.85 1.4 1.4

90� 3.25 2.4375

a(þ) ¼ -8� 0� 2.4375 0.86 1.4 3.1875 0.87 1.3 1.3

90� 3.3125 2.4375

0.07

1

2

e+(0°)

500

Ca

400

300

200

100

0

0.06

0.05

0.04

0.03

0.02

0.01

0.00
0.0 0.2 0.4 0.6

E (V μm–1)

0.8 1.0

Figure 10. Dependence on the applied electric field E of the
ellipticity eþð0oÞ (curve 1) and of the contrast ratio ca (curve 2).
The light beam had wavelength l ¼ 0.65 mm. It was passing
through the 44 mm-thick DHF cell, the texture of which is
shown in Figure 1(c). Measurement performed at a� a0 ¼ 0,
i.e. with undisturbed helix axis parallel to P.

1.0
(m1+1/2)π; (m1+3/2)π;

(m1+1)π; (m1+2)π;

E (V μm–1)

0.8

0.6

0.4

0.2

0.0
0.0 0.5

e +
(4

5°
)

1.0 1.5 2.0

m1π;

m0π;

Figure 11. Dependence on applied field of the ellipticity
eþ(45�) of 44 mm-thick DHF cell filled with FLC-579,
measured at wavelength 0.65 mm.
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the helical structure in the absence of external electric

field, and �neffðEÞ is the effective electrically con-

trolled birefringence due only to the field application.

Note that Equation (8) is valid no matter what the

magnitude of �neffðEÞ is with respect to the first term

�neffðE ¼ 0Þ. Evidently, in any situation the total

phase shift can be expressed as

�FTOT ¼ mp; (9)

where m is a real number. Note that the initial phase
shift �Fo must be considered as an angle mod 2p (i.e.

0 	 �Fo, 2p), since mo and moþ2n p (n being an

integer) are optically indistinguishable.

The particular situation when m is an integer also

corresponds to eþð45oÞ ¼ 0, whereas all semi-integer

values of m correspond to eþð45oÞ ¼ 1, as was clarified

previously for the ideal case. In particular, let us define

m1 as the integer value of m which corresponds to first
minimum of the ellipticity eþð45o;VÞ vs. V. Under this

definition, the minima of eþð45o;VÞ correspond to

phase shifts m1p; (m1þ1)p; (m1þ2)p. . ., while maxima

to (m1þ1/2)p; (m1þ3/2)p. . ., as shown in Figure 11. In

fact, we can see that in reality the minimal magnitude

of the ellipticity is eþð45oÞ.0:1 instead of eþð45oÞ ¼ 0,

as is expected for the ideal case. Nevertheless, we will

presume that due to continuity these minima corre-
spond to the phase shifts m1p; (m1 þ 1)p. . ., the small

ellipticity being the consequence of the lack of perfect

alignment. Thus, the oscillations of eþð45oÞ as a func-

tion of V between the limits eþð45oÞ ¼ 0:1 and

eþð45oÞ ¼ 1 observed in the experiment can be

explained by the increasing magnitude of m, due to

�neffðEÞ increasing due to helix axis rotation driven by

the external field, according to Equations (6) and (7).
Note that the phase shift between a minimum and an

adjacent maximum of the experimental dependence is

exactly p/2, whereas the shift between two adjacent

minima and two adjacent maxima is exactly p.

To distinguish whether in the first (and in the

second) minimum the cell behaves as a (l/2)- or a l-

type optical layer, it is sufficient to check the analyser

orientation providing the maximum transmittance
(Figure 4 and Table 2). Since in our experiment the

first minimum (at 23 Vpp) gives the maximum trans-

mittance for parallel polarisers, this means that the

layer behaves in that condition as l-type, i.e. m1 is

the first even number (m1 ¼ 2), whereas in the second

minimum (at 47 Vpp) the cell must behave as (l/2)-

optical layer; this is confirmed by the fact that in this

condition the maximum transmittance works with
crossed polarisers (Figure 4 and Table 2).

Now the following problem arises: what is the limit

mo of m when V approaches zero? Certainly, it is not an

integer, since it has to be m1- 1/2 , mo, m1, meaning 3/

2 , mo , 2, due to the fact that before the first mini-

mum there is no maximum with ellipticity e ¼ 1. As an

approximate linear evaluation, we propose the relation

m1 �mo ¼ ð1� eÞ=2; (10)

providing mo ¼ 2 - 0.38/2 ¼ 1.81. In this manner the

initial retardation (mod 2p) has been estimated. Thus

we have provided an alternate method of calculating

the phase shift �F0 in the absence of an external electric

field which does not require transmittance spectral

measurements, as has been done previously [17].

The above explanation is sufficient to evaluate the
total phase shift as defined in Equation (9), where m¼
m1; m2 ¼ m1þ1/2; m3 ¼ m1þ1, etc. correspond to

alternate minima and maxima of the ellipticity vs. V.

We can now evaluate �Fo from the experimental data

of Figure 11 and Equation (9). The result is presented

in Figure 12. The intercept of the linear regression with

the ordinate gives the extrapolated value of �Fo,

which turns out to be 1.70, well in agreement with
the predicted value, �Fo ¼ 1:81.

This is sufficient to evaluate the electrically con-

trolled birefringence, taking into account Figure 12

and Equations (5), (6) and (9): �neffðEÞ is plotted in

Figure 13 as a function of the square applied electric

field.

From Figures 12 and 13 we can conclude that the

electrically controlled birefringence at E,, Ec, where
Ec is the critical field for helix unwinding at zero

frequency1, is with a high level of confidence (99%)

proportional to the square field E2, as we experimen-

tally demonstrated for the first time [20].

7

6

5

4

3

2

0
0 1 2 3 4

E2 (V μm–1)

Δ
Φ 

= 
m

π 
(π

ra
d–1

)

Figure 12. Phase shift �FðEÞ dependent on the square
applied field evaluated from data shown in Figure 11 and
Equation (9).
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It is possible also to use this result to evaluate the

material parameter G, and hence the critical field Ec,

the susceptibility of Goldstone mode and the elastic

constant K. In fact, we have shown (see Appendix,

Equation (13A)) that the expected trend of the electri-

cally controlled birefringence, in the hypothesis of
E,, Ec and � definitely smaller than 45�, is increasing

with the square applied electric field, the angular coef-

ficient B of the linear regression �neff ðEÞ vs. E2 being

dependent on the birefringence �n, on the smectic

polar angle �, and on the material parameter G.

The angular coefficient of the linear regression

reported in Figure 13 allows us to obtain an indirect

measure of G, following a different experimental
method with respect to that leading to the results

shown in Table 2. As a consequence, the critical field

Ec at zero frequency, the susceptibility wG of

Goldstone mode, and the elastic constant K can also

be evaluated in such a manner. From the regression

data of Figure 13 we have B ¼ 0.017 (mm V-1)2. The

birefringence of the unwound helix for FLC-579 is �n

¼ 0.20, since n|| ¼ 1.70, n? ¼1.50. The parameters
evaluated are reported in Table 4, which is in good

agreement with the results of Table 2. The susceptibil-

ity values are consistent with the results obtained with

direct measurements performed in our laboratory,

which will be published in another paper.

It is interesting to underline the theoretical result

(see Appendix, Equation (24A)) illustrated by experi-

mental data in Figure 14: the applied electric field

drives the phase shift (and consequently the birefrin-

gence) only through the rotation of the anharmonic
helix axis.

The angular coefficient B* of the linear regression

in Figure 14, modelled in Equation (25A), which pro-

vides the electrically controlled birefringence vs. the

square rotation of the helix axis is given by

B� ¼ 4�n 1� 3

2
sin2 �

� 	
: (11)

The expected value of the angular coefficient is B* ¼
0.48, whereas its experimental value can be estimated

as B*¼ 0.6 � 0.2, being very dependent on the experi-
mental uncertainties on �a2 for very small values of E.

4. Discussion

Optical measurements of polarised light transmission

through DHF cells 16 mm and 44 mm thick filled with

FLC5-79 have been carried out, driving the cell via a

voltage step function with various magnitudes at

1 kHz. There was found first of all that the application

of a step function induces an anharmonic deformation
providing the rotation of the helix axis towards one

sense, due to the positive peak; and symmetrically

towards the other sense, due to the negative peak. As

the first main result, we confirmed experimentally that

the rotation is rather small (, 20� per 60 V applied to

the 16 mm cell) and linear with the field amplitude, as

0.08

0.06

0.04

0.02

0.00
0 1 2 3 4 5

Δn
ef

f 
(E

)
Δneff data from ΔΦ vs. E2 regression

E2 (V μm–2)

Figure 13. Dependence on the square applied electric field
of the electrically controlled birefringence of a 44 mm cell
filled with FLC-579.

Table 4. Indirect measurement of the material parameters
from experimental data relevant to electrically controlled
birefringence.

DHF-cell thickness (mm) G (mm/V) Ec (V/mm) wG K (10-11N)

44 0.2562 1.2 35 2.4

Δ
Φ 

(E
)/

π 
ra

d

5

4

3

2

1

0
0.00 0.05 0.10 0.15

(Δα)2/rad2

ΔΦ (E) from Figure 12 - Δα from Figure 13

Figure 14. Dependence on the helix axis square rotation of
the electrically controlled phase shift of the polarised light
beam (l ¼ 0.65 mm) passing through 44 mm-thick DHF cell
filled with FLC-579.
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predicted by Abdulhalim et al. [11], implementing this

theory to the case when the polar angle �, being smaller

than 45�, is neither negligible nor close to 45� (for the

FLC material under investigation � ¼ 31�).
Moreover, we confirmed within 2% of average

accuracy the validity of Malus’ law in all measure-

ments, allowing us to claim that the sample biaxiality

is negligible, and to define ellipticity simply as

e ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Imin=Imax

p
, in the cases eþ, (e–), i.e. when the

positive (negative) voltage peak is considered. We

then measured the ellipticity of both cells at the angle

aþ ¼ 0� (aþ ¼ 90�) between the actual helix axis and

the polariser, in order to establish the optical quality

of the cells, obtaining only e ¼ 0.17 for the 16 mm cell
and e ¼ 0.07 7 0.10 for the 44 mm cell, which turned

out to be very well aligned.

At this point, the second main result was achieved

by investigating the ellipticity of both cells when a step

voltage at increasing intensity was applied, by putting

the electric field of the impinging light beam at 45�

with respect to the main optical axis of the DHF cell:

1. The thinner cell ellipticity oscillated between emin¼
0.17, eMAX ¼ 0.89, whereas the ellipticity of the

thicker cell, with better initial alignment, oscillated

regularly between emin ¼ 0.10, eMAX ¼ 1.00 due to
the application of the step voltage with increasing

amplitude, from 0 to 200 Vpp. Hence, the 44 mm cell

birefringence was demonstrated to be modulated

accordingly, behaving as a l-optical layer when

reaching the first minimum of ellipticity, then mov-

ing to the first maximum as 3l/4, then to the second

minimum as 3l/2, etc;

2. The ellipticity measurements allowed us to evalu-
ate the retardation �F (E) vs. the applied voltage V

and, consequently, the effective electrically con-

trolled birefringence �neffðEÞ;
3. Starting from the theory of Abdulhalim et al. [11],

we predicted such a parameter to be proportional

to the square applied electric field. Our experimen-

tal investigation completely confirmed our predic-

tion: the electrically controlled modulation
behaves as a Kerr effect as well �neff ðEÞ / E2. By

extrapolation to E!0 the retardation �Fo at E¼ 0

has been evaluated and the undisturbed helix effec-

tive birefringence �neffðE ¼ 0Þ has been obtained.

Combining the two main results, we recognised

that the electric field modulates the controlled bire-

fringence�neffðEÞ only through the rotation of the

anharmonic helix axis, turning out to be a com-
posed linear function of E2 only via tan2 2�a.

Furthermore, the linear dependency of tan 2�a
on E and the proportionality �neffðEÞ / E2 pro-

vide two independent methods for obtaining an

indirect experimental measure of the material para-

meter G ; eowG

PS
, and two sources for evaluating the

critical field at zero frequency Ec, the Goldstone

susceptibility wG, and the elastic constant K.

Eventually, the polarised light transmission mea-

surements permit the evaluation of the electrically

controlled birefringence via ellipticity: we established

a definite protocol concerning this type of investiga-
tion, illustrating the optical quality, the electro-optic

behaviour of a DHF electrically modulated birefrin-

gent layer, defining the material parameter G, useful

for describing the Goldstone mode, and suggesting

two independent methods for measuring it.

5. Conclusions

Good alignment quality of cells filled by short helix

pitch (330 nm) FLC was obtained with layer thick-

nesses of 16 mm and 44 mm. The alignment quality was

characterised by a contrast ratio of 300:1, because of

complete suppression of scattering and selective reflec-

tion of light in the visible spectral range, as the helix
pitch was smaller than the wavelengths of visible light.

In this work, FLC layers of this type have been shown

to behave as quality electrically controlled phase retar-

ders of visible light, and their electro-optical proper-

ties have been investigated.

–It was experimentally shown that the FLC layer

biaxiality is negligible, allowing us to use the simplest

method of measuring the ellipticity of light passing

through the layer.

–For the first time, the electrically controlled phase
retardation �FðEÞ of the light transmitted and the

effective birefringence �neffðEÞ of the DHF layer

helical structure have been evaluated via ellipticity

measurements.

–It was experimentally and theoretically shown that

both �FðEÞ and �neffðEÞ are proportional to the

square applied electric field: �FðEÞ / E2,

�neffðEÞ / E2.
–For the first time the linear dependency on the field of

the angular displacement of the helical axis

�aðEÞ / E in DHF effect was experimentally proven

and theoretically confirmed.

–New experimental methods for evaluation of the

helix dielectric susceptibility wG and elastic modulus

K relevant to the Goldstone mode have been

grounded on the basis of theoretical �neffðEÞ and
�aðEÞ dependencies, and of the data fitting accord-

ing to the relevant models.

–The key role of the parameter G;eowG

PS
in electro-

optics of DHF effect has been proved.
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We plan to apply this method (i.e. measuring the

intensity and the ellipticity of the transmitted light vs.

the amplitude of the applied electric field) to obtain the

rotation of the anharmonic helix axis and the electrically

controlled birefringence in a number of DHF cells with

different thicknesses, in order to investigate the role

played in such phenomena by the anchoring energy.

Appendix

Theoretical evaluation of electrically controlled

birefringence and helix axis rotation vs. electric field

To write the total phase shift in Equation (6) as the sum

of the phase shift in the absence of an applied electric
field plus the variation of the phase shift due only to the

application of it, is always valid. However, it is inter-

esting to introduce an approximation, which is allowed

only if the smectic polar angle � is smaller than 45�, the

actual electric field E provided via the step function is

smaller than the critical electric field for helix unwind-

ing at zero frequency Ec, and the angular frequency o
of the step function is smaller than a characteristic
angular frequency om of the FLC material. In this

approximation, according to Abdulhalim and Moddel

[11], the average total birefringence reads

�neff ; neð�;jcðE; xÞh i � no

¼ �n 1� 3

2
sin2 �þ sin2 2�

1� 3
2

sin2 �
J2
�1ðaÞ

" #
; (1A)

where �n ; ne � no is the difference between the

extraordinary and the ordinary index of refraction,
J�1ðaÞ is the Bessel function of the first kind of a

small t-argument a(t) involving the applied field E,

its angular frequency o and both Ec, om:

aðtÞ ¼ a0

1þ o
om


 �2
cosotþ o

om
sinot� exp �omtð Þ

� 	
;

(2A)

with

ao ¼ ðp2=16ÞðE=EcÞ: (3A)

In Equations (2A) and (3A) the critical field Ec and the

characteristic angular frequency om, written in

International System (SI), are given by

Ec ¼ p2

16

kq2
o

PS

om ¼ kq2
o=�j

(
; (4A)

where

k ; sin2 �ðKT sin2 �þ KB cos2 �Þ (5A)

is an elastic parameter given in terms of a mean elastic

constant between twist and bend KT ;KB, qo ; 2p=po is

the helix wave vector and �f the rotational viscosity.

In one elastic constant approximation, KT ¼ KB ; K,

and Equation (5A) reads

k ¼ K sin2 �; (6A)

and system (4A) becomes

Ec ¼ p2

16

K sin2 �q2
o

PS

om ¼ K sin2 �q2
o=�j

(
: (7A)

In the static limit, which is roughly satisfied, since we

operate at 1 kHz and the characteristic frequency is

expected to be about 2.3 kHz, being K,3 x 10-11 N, �
¼ 31�, po¼ 0.33 mm, �f¼ 0.2 Pa s, PS¼ 120 nC cm-2,

as we have previously measured all these parameters,
one can suppose

o
om
! 0; omt!1; ot! 0: (8A)

Hence from Equation (2A) the argument a(t)� ao and

Bessel function can be reduced to its first term,

J�1ðaoÞ ¼ �
p2

32

 E

EC

; (9A)

provided the hypothesis E < Ec is satisfied. This means

that it is necessary to estimate Ec in the frame of the

approximated theory, not considering the data which

do not satisfy the previous hypothesis for evaluation of

any parameter. By expressing the Bessel term (9A) as a
function of the helix dielectric susceptibility wG relevant

to the Goldstone mode, following Urbanc et al. [21]:

wG ¼
P2

S

2eoK sin2 �q2
0

; (10A)

where eo is the vacuum permittivity, we get

J�1ðaÞ ¼ � eo
wG

PS

� 	
E : (11A)

Eventually the effective birefringence is obtained as

�neff ¼ �n 1� 3

2
sin2 �þ sin2 2�

1� 3
2

sin2 �

eowG

PS

� 	2

E2

" #
;

(12A)
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and the contribution to the effective birefringence due

only to the application of E is

�neff ðEÞ ¼ �n
sin2 2�

1� 3
2

sin2 �
G2E2: (13A)

Thus, the effective birefringence is predicted to

increase, in the frame of the present approximation,

as proportional to the square applied electric field, as

was found experimentally by us. The angular coeffi-

cient B of the linear regression giving �neffðEÞ vs. E2

computed by the experimental data where E < Ec, i.e.

B ¼ �n
sin2 2�

1� 3
2

sin2 �
G2 (14A)

depends on the birefringence �n, on the smectic polar

angle �, and on the material parameter:

G ;
eowG

PS
: (15A)

This allows us to obtain from measurements of ellip-

ticity used to describe the electrically controlled bire-

fringence an indirect measurement of G and then of

wG, knowing � and PS. Moreover, Equations (10A)

and (15A) show that we can also obtain in the same

way an indirect measurement of the elastic constant K:

G ¼ PS

2K sin2 �q2
o

: (16A)

In any case, combining Equations (9A) and (11A) with

definition (15A) we get

G ;
p2

32Ec
; (17A)

demonstrating that Ec can be also evaluated through

electrically controlled birefringence.

Unfortunately, according to Equation (14A) it is not

possible to plane a FLC mixture with an angle � chosen

for maximising the electrically controlled birefringence
�neffðEÞ, since the angular coefficient B for a fixed value

of parameter G does not exhibit a relative maximum in

the range from 0� to 45�, being simply an increasing

function of �. In the frame of the same approximation

[11] the anharmonic helix axis rotation reads

tan 2�a ¼
sin 2�

p2E

32Ec

1� 3
2

sin2 � 1� p4E2

1536E2
c

� 	 : (18A)

Equation (18A) can be further simplified to

tan 2�a ¼ sin 2�GE

1� 3
2

sin2 �
; (19A)

meaning that, in the hypothesis E < Ec, tan 2�a is

proportional to the applied electric field, which, as a

further approximation, implies that for very small

values of the field the curve �a vs. E can be considered
as a straight line too, with angular coefficient b given by

b ¼
1
2

sin 2�G

1� 3
2

sin2 �
: (20A)

From Equation (20A) we could also derive a direct

dependency of b on the critical field Ec,

b ¼
p2

64Ec
sin 2�

1� 3
2

sin2 �
; (21A)

on the susceptibility wG,

b ¼ eowG sin 2�

PS 1� 3
2

sin2 �
� � (22A)

and on the elastic constant K,

b ¼
1
2

Ps cot �

K 1� 3
2

sin2 �
� �

q2
o

: (23A)

Notice that Equation (19A) is expressed in terms of the

same material parameter G ; eowG

PS
introduced in

Equation (13A) concerning the electrically controlled

birefringence, having taken into account the critical

field (7A), and the susceptibility (10A). The relation-

ship (19A) shows that only one parameter G, which is

related to FLC material and to allowance for azi-
muthal rotation, describes both the helix axis devia-

tion due to the applied electric field and the electrically

controlled birefringence. This means that the second

phenomenon is simply a consequence of the first, as is

demonstrated, substituting Equation (19A) into

Equation (13A), by the fact that E provides birefrin-

gence modulation only through �a,

�neffðEÞ ¼ �n 1� 3

2
sin2 �

� 	
tan2 2�a; (24A)

which can be simplified to

�neffðEÞ ¼ 4�n 1� 3

2
sin2 �

� 	
�a2ðEÞ: (25A)

1080 E. Pozhidaev et al.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
3
:
5
1
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



Furthermore, it should be emphasised that it is possible

to use the two independent measurements of helix axis

rotation vs. E and of electrically controlled birefrin-

gence vs. E for evaluating the same fundamental para-

meter G, obtaining from two sources indirect

measurements of critical field at zero frequency Ec, of

Goldstone susceptibility wG, and of elastic constant K.
Care should be paid in computing the linear regres-

sion angular coefficients B, b defined in (14A) and

(20A), taking into account only experimental values

satisfying the condition E , Ec.
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